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Abstract
We give a derivation of the Dirac operator on the noncommutative
2-sphere within the framework of the bosonic fuzzy sphere and define
Connes’ triple. It turns out that there are two different types of spectra
of the Dirac operator and correspondingly there are two classes of
quantized algebras. As a result we obtain a new restriction on the
Planck constant in Berezin’s quantization. The map to the local frame
in noncommutative geometry is also discussed.
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1 Introduction
The description of spacetime at the order of the Planck scale and the descrip-
tion of the nature of quantum gravity is a long-standing problem. Quite a
number of proposals have been made in order to describe consistently gravi-
tational interaction and quantum field theory, however these proposals either
do not give a satisfying formulation of the quantum theory of gravity or, in
their present form an interpretation as a theory of the geometry is difficult.
Thus, recently the modification of the concept of geometry itself is also
discussed by many authors. Of course one may argue that a successful theory
of gravitation will naturally exhibit the necessary structure of a suitable
theory of geometry and a natural language to describe it. On the other hand
it is not very probable that the standard language of ordinary differential
geometry is a suitable tool. The noncommutative geometry from physicist’s
point of view is a possibility to describe such a geometry.
The noncommutative geometry is discussed in many contexts. The com-
mon idea is that one deals with a function algebra over the space one is in-
terested in and the description of its geometry is made free from the concept
of a point [11]. In other words, the geometry of a manifold is reformulated
in terms of an algebra of functions defined over it which may be called struc-
ture algebra. Once the algebraic description of the geometry is obtained, the
structure algebra can be made noncommutative.
As an application for physics, recently Connes proposed an interpretation
of the standard model within the framework of noncommutative geometry
[10]. The Higgs field in the standard model is interpreted as a gauge field
in the noncommutative space given by a product of Minkowski space and
a two-point space. This means that, in an appropriate geometry there is a
chance to understand all bose particles through the gauge principle [8]. On
the other hand we may consider this formulation of the standard model as a
kind of Kaluza-Klein theory with the noncommutative space playing the role
of an internal space. This idea is also natural since the scale of the internal
space is the Planck scale where we expect the breakdown of the classical
picture of geometry. (See for example [27] and references therein.) From
this point of view it is very interesting to investigate the other possibilities
where we consider as an internal space a more complicated object such as
the noncommutative sphere. With the above problem in mind, in the present
paper we try to find a proper formulation of the quantum sphere which fits
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to Connes’ idea.
When discussing the noncommutative analogue of the sphere, so far there
are two methods available. One is the q-deformation of the sphere [29] and
the other one, which is the case considered here, is the Berezin (or Berezin-
Toeplitz) quantization of the sphere [3], which is recently also known as the
fuzzy sphere [26].
In order to define the differential calculus within Connes’ framework one
has to construct the triple (A,D,H), where (H,D) is a K-cycle over the
algebra A [11]. H is a Hilbert space, A is an algebra of bounded operators
acting on this Hilbert space, and D is a linear operator on H, the Dirac
operator. The Hilbert space is graded (i.e. we consider the even case). The
algebra A is even with respect to the grading and the Dirac operator is odd.
Once this K-cycle is given, the construction of the differential calculus is
rather straightforward.
The aim of this paper is to define a Dirac operator as well as a chiral-
ity operator on the noncommutative sphere such that it can be naturally
combined with the field theory in Connes’ framework.
The Dirac operator on the fuzzy sphere has been also discussed in refs.[17,
19, 20], where the supersymmetric extension of the fuzzy sphere is con-
structed using the supersymmetry algebra OSp(2, 1); then the Dirac operator
is defined on that super fuzzy sphere. On the contrary, our construction of
the Dirac operator does not make use of the supersymmetry algebra, i.e., we
use the algebra of the bosonic fuzzy sphere. The resulting chirality operator,
the Dirac operator and the definition of the spinors are different from the
ones obtained by the supersymmetry algebra approach.
Our approach is the following: We define the algebra AN of the fuzzy
sphere which is generated by noncommutative operators xi, (i = 1, 2, 3)
where N is an integer relating to the Planck constant in Berezin’s quanti-
zation. Then we introduce the Lie algebra LN defined by the derivations
Li given by the adjoint action of the generators. Including the derivations
we consider the bigger algebra (AN ,LN) generated by (xi,Li). The chirality
operator and the Dirac operator are constructed algebraically in the algebra
(AN ,LN)⊗M2(C) where M2(C) is the algebra of complex 2× 2 matrices.
Then using the result, we investigate its properties such as the spectrum.
We reconsider the algebra of the noncommutative sphere and obtain the cor-
responding triple which we need for applying Connes’ approach. In the naive
commutative limit, the structure of the spectrum reveals the fine structure of
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Berezin’s quantization and gives the restriction on the quantization param-
eter N to be even integer. Furthermore, we also discuss the Dirac operator
in the local patch within the framework of noncommutative geometry.
The organization of this paper is as follows. In section 2, we give a brief
review of the operator algebra of the fuzzy sphere and introduce notations.
In section 3 we derive chirality operator and Dirac operator and examine its
properties and the Hilbert space structure. Section 4 is devoted to discussions
and conclusions.
2 Algebra of Fuzzy Sphere and Derivations
2.1 Brief Summary on Fuzzy Sphere
The noncommutative sphere has been considered by several authors in differ-
ent contexts such as an example for a general quantization procedure [3, 4]
(see also for example [7, 5, 9, 24, 6] and references therein), the algebra ap-
pearing in membrane [22], in relation with coherent states [28], and recently
in connection with noncommutative geometry [26, 19, 20]. The same struc-
ture also appears in the context of the quantum Hall effect [21, 16]. The
noncommutative sphere is described in various ways, however the resulting
algebra is the same. It is easy to understand the idea of the fuzzy sphere
from the point of view of approximation.
It is well known that the square integrable functions on a 2-sphere L2(S2)
form a Hilbert space the basis of which is given by the spherical harmonics
Ylm. By usual multiplication these functions form a closed algebra. Thus we
have a basic function algebra A∞ over the sphere, and any element of the
algebra can be expanded in the basis of spherical harmonics. The idea of the
fuzzy sphere may be formulated in brief as that we approximate the functions
on the sphere by a finite number of spherical harmonics where this number
is limited by the maximal angular momentum {Ylm; l ≤ N}. However with
respect to the usual multiplication this set of functions does not form a closed
algebra since the product of two spherical harmonics Ylm and Yl′m′ contains
Yl+l′,m due to the product rule. It is a new multiplication rule that cures the
above described situation and gives a closed function algebra with a finite
number of basis elements. The resulting algebra AN is noncommutative.3
3We denote the algebra of fuzzy sphere as AN with suffix N which becomes the eigen-
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The interpretation of this property is that we obtain a geometry where the
concept of a point is ”dissolved”.4 Since the number of the independent
functions with angular momentum l ≤ N is (N + 1)2, as a vector space this
has the same dimension as the vector space spanned by the (N + 1)× (N +
1) matrices. This is not accidental and we can identify the algebra of the
fuzzy sphere with the algebra of complex matrices MN+1(C) and thus we can
consider it as a special case of the matrix geometry[12, 13, 14, 15], which is
the way how the fuzzy sphere is introduced in ref.[26].
In the above description the truncation of the function algebra which leads
to the noncommutative algebra is rather ad hoc. However the construction of
this type of noncommutative algebra is equivalent to Berezin’s quantization
and can be generalized to a general Ka¨hler manifold. In the Berezin-Toeplitz
quantization one quantizes the algebra using the Poisson structure on the
manifold defined by the Ka¨hler form. For this, one considers a finite di-
mensional Hilbert space FN = Γ(LN ), given by holomorphic sections on LN ,
where LN = ⊗NL is the Nth tensor of the line bundle L. Then by using the
coherent states |v〉 where (v, v) parametrize S2 (see below), one can define
an operator acting on the Hilbert space FN for any function f(v, v) ∈ L2(S2)
by
Tf |v〉 = Pf |v〉 , (1)
where P is the projection operator from the general sections to the subspace
FN ,
P : Γ(L⊗N)→ FN .
The resulting operator is defined on FN . The product of two operators is
defined by successive application of the above construction
TfTg|v >= PfPg|v > . (2)
and with this multiplication we define the algebra AN of the operators Tf . Tf
is called Toeplitz operator. From the above definition one easily sees that the
multiplication of operators Tf is in general noncommutative. Furthermore,
value of the number operator defined in the next section.
4The ”fuzziness” of the sphere is removed by taking the limit N → ∞, in which the
function algebra becomes commutative.
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their commutator satisfies Berezin’s quantization condition [3]
lim
N→∞
1
N
[Tf , Tg] = {f, g}PB , (3)
where the r.h.s. is the Poisson bracket defined through the Ka¨hler form and
thus the resulting algebra approximates the Poisson algebra of the function
[7, 24, 6]. See also [25].
By taking an appropriate basis in the Hilbert space FN one can represent
the Toepliz operator by a matrix. For the case of a 2-sphere the dimension
of FN is N +1 and thus we obtain an algebra of (N +1)× (N +1) matrices
which is a representation of the algebra discussed in ref.[26]. On the other
hand, by defining coherent states and representing the Toepliz operator as
an expectation value with respect to these coherent states
<z|Tf |z>
<z|z>
which is
called a covariant symbol [2], we obtain Berezin’s quantized algebra. (See
also [28, 18].) The product of this algebra, i.e. the ∗-product among the
covariant symbols is simply defined by rewriting the above operator multi-
plication in the language of the covariant symbols and thus it is in general
noncommutative as is the multiplication of operators. In this way, the al-
gebra of the fuzzy sphere can be understood as a finite approximation of
the function algebra. The problem is to clarify within which framework the
differential calculus must be introduced.
2.2 Operator Representation of the Algebra and its
Derivations
As we discussed above, when considering the algebra of the noncommutative
sphere, it is natural to start with the algebra of operators acting on the
Hilbert space FN . Since FN is a representation space of the rotation group,
we introduce in the standard way a pair of creation-annihilation operators
a†b, ab (b = 1, 2) which transform as a fundamental representation under the
SU(2) action, satisfying
[aa, a†b] = δ
a
b . (4)
Define the number operator by
N = a†ba
b , (5)
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then a set of states satisfying
N|v >= N |v > (6)
provides an N + 1 dimensional irreducible representation space FN . The
operator algebra AN on FN is unital and given by the operators {O; [N,O] =
0}. The generators of the algebra AN are defined by
xi =
1
2
ασai ba
†
aa
b , (7)
where the normalization factor α is a central element [α,xi] = 0 introduced
for later convenience 5. The commutation relations among these operators
are
[xi, a
†
a] =
1
2
ασbi aa
†
b ,
[xi, a
a] = −1
2
ασai ba
b . (8)
The algebra of the fuzzy sphere is generated by xi and the basic relation is
[xi,xj] = iαǫijkxk. (9)
The normalization α is defined by
xixi =
α2
4
N(N+ 2) = ℓ2. (10)
This means that ℓ > 0 is the radius of the 2-sphere and we get
α =
2ℓ√
N(N+ 2)
. (11)
Note that in the formulation on algebra level we use the number operator
N in order to keep the independence of the algebra from the representation
space FN . Thus the ”Planck constant” α is also an operator. However,
when we discuss the commutative limit N → ∞, we take a definite Hilbert
space FN and thus the number operator is replaced by its eigenvalue N . The
5Formally we have to include N and α as generators of the algebra, however they can
be treated as numbers in the following calculations.
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Planck constant α becomes also a number 2ℓ√
N(N+2)
. Then, we take the limit
N →∞, i.e., α→ 0. Therefore, the commutative limit discussed in the later
part of this paper is taken with respect to the eigenvalue N of the number
operator on the space FN .
Proof of eq.(10):
From the Fierz identity we get
N2 +
4
α2
xixi = a
†
a(σµ)
a
ba
ba
†
d(σµ)
d
ca
c
= 2a†aa
ba
†
da
cδac δ
d
b
= 2a†a(N+ 2)a
cδac = 2(N+ 1)N , (12)
where µ = 0, 1, 2, 3 and σa0 b = δ
a
b . We have also used
aaa†a = δ
a
a + a
†
aa
a = 2 +N , (13)
Na† = a†(N+ 1) . (14)
Thus we get the above relation. q.e.d
Now let us consider the derivations of AN . The derivations can be defined
by the commutator with any algebra element in AN since the adjoint action
always defines an inner derivation. We introduce the derivative operator Li
by the adjoint action of xi [26]
1
α
ad
xi
xk =
1
α
[xi,xk] ≡ Lixk . (15)
These objects are the noncommutative analogue of the Killing vector fields
on the sphere and the algebra of Li closes and we obtain a Lie algebra LN ⊂
Der(AN) (see also ref.[13]).
Since the action of Li generates rotations of the noncommutative sphere,
Li and xk satisfy the usual commutation relations of SU(2). Thus the algebra
(AN ,LN) of the noncommutative sphere together with derivations is defined
by the operator algebra given by xi and Li
[Li,xj] = iǫijkxk , [Li,Lj ] = iǫijkLk , (16)
together with (9).
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2.3 Integration and Coherent State Representation
The integration on the noncommutative sphere is defined as a trace over the
Hilbert space FN . The simplest way to take the trace is to use the orthogonal
basis:
|k;N〉 = 1√
k!(N − k)!
(a†1)
k(a†2)
N−k|0〉 , (17)
where k = 0, ..., N and |0〉 is the vacuum. Then
〈O〉N = 1
N + 1
Tr{O} = 1
N + 1
∑
k
〈k;N |O|k;N〉 . (18)
In order to see the relation of the above result with integration in the com-
mutative limit, we define the trace by using coherent states [1, 28, 18]. The
coherent states are parametrized by a point on the sphere. In order to keep
track with the complex structure on the sphere, we take here the parametriza-
tion obtained by projecting stereographically to the complex plane and rep-
resenting the corresponding point by complex coordinates (z, z). Then the
coherent states are defined by
|z;N〉 = 1√
N !
(za†1 + a
†
2)
N |0〉 , (19)
which satisfies
〈z;N |z;N〉 = (1 + zz)N , (20)
where we have taken the notation |w〉∗ = 〈w∗| = 〈w|. Note that in the
following we simply denote |z;N〉 as |z〉 for the coherent state in FN .
Using the above definitions we can take the coherent state representation.
Then the orthogonal basis of FN can be represented by z:
< z|k >= fk(z) =
√
N !
k!(N − k)!z
k . (21)
The inner product of two state |f〉 and |g〉 is defined by
〈f |g〉 =
∫
dµN(z)f(z)g(z) , (22)
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where the measure µN is defined such that it gives the orthonormality of the
basis:∫
dµN(z)fl(z)fk(z) =
(N + 1)
2πi
∫
dz ∧ dz fk(z)fl(z)
(1 + |z|2)N+2 = δkl . (23)
The reproducing kernel is given by
LN (z, v) =
∑
fk(z)fk(v) =
∑ N !
k!(N − k)!(zv)
k = (1 + zv)N . (24)
Thus in the coherent state representation, the trace over the Hilbert space
FN is represented by the integration of the symbol of an operator over S2.
〈O〉N = 1
N + 1
Tr{O} = 1
N + 1
∫
dµN < z|O|z > . (25)
3 The Dirac operator
3.1 Chirality and Dirac Operator
In this section we examine the algebraic relations among the operators to
define the chirality operator and to construct the Dirac operator algebraically
on the noncommutative sphere. For this purpose we consider the product
algebra of (AN ,LN) and A1. A1 is simply the algebra of 2 × 2 matrices
M2(C) the elements of which can be represented by
M =
4∑
µ=0
aµσµ , (26)
and transform under rotation as
M→ UMU † , (27)
where U is the spin representation matrix of SU(2). Thus we define the
chirality operator γχ and the Dirac operator D in the product algebra of
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(AN ,LN)⊗M2(C), i.e. 2 × 2 matrices the entries of which are polynomials
in (xi,Lj).
Our strategy taken here is to define first the chirality operator and, once
this is achieved the Dirac operator is constructed by the requirement that it
should anticommute with this chirality operator.
Thus let us first discuss the possibilities for defining the chirality operator.
The simplest choice would be to take 1⊗σ3. However, this choice breaks the
SU(2) symmetry. For our purpose it is better to keep the SU(2) symmetry
and thus we take a rotational invariant operator as the chirality.
On the commutative sphere, as is disscussed in ref.[23] a natural chirality
operator is
γ∞ =
1
ℓ
∑
i
xi ⊗ σi , (28)
where xi is the homogenious coordinate and ℓ is the radius of the sphere
(
∑
i xixi = ℓ
2). Thus γ2∞ = 1. On the fuzzy sphere the coordinate function
is replaced by the operator xi. However, if we replace xi by the operator xi
in the above definition, the square of the resulting operator is not unity due
to the noncommutativity of xi.
In order to discuss the above situation in detail and also for later conve-
nience let us introduce the following operators in (AN ,LN)⊗M2(C):
χ =
∑
i
(xi ⊗ σi) ,
Λ =
∑
i
(Li ⊗ σi) ,
Σ = −i∑
ijk
ǫijk(xiLj ⊗ σk) . (29)
These are all SU(2) invariant operators.
As we discussed above, among the operators given in eq.(29) χ is a good
candidate for the chirality operator. Here, however, since the coordinates
are not commutative, the square of the operator χ is not unity. Instead, this
operator satisfies the relation
χχ = (x · x)⊗ 1− αχ . (30)
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where (A ·B) = ∑3i=1AiBi. Therefore from eq.(30) we obtain
(χ+
1
2
α)2 = χ2 + αχ+
1
4
α2 = (x · x) + 1
4
α2 . (31)
This suggests that the chirality operator is given by
γχ =
1
NN (χ+
1
2
α) , (32)
where the normalization constant is determined by the requirement
γ2χ = 1 . (33)
This gives
N 2N = (x · x) +
1
4
α2 , (34)
and thus
NN = α
2
(N+ 1) = ℓ
√√√√ (N+ 1)2
N(N+ 2)
, (35)
where we imposed relation (10). Thus, we define the chirality operator by
eq.(32) with normalization (35).
Once the chirality operator is chosen, the construction of the Dirac oper-
ator is rather straightforward. For this end we have to consider the relations
among the above operators. The relevant relations are as follows.
The square of the other operators given in eq.(29) satisfies
ΛΛ = (L · L)⊗ 1− Λ , (36)
ΣΣ = α(x ·L)−(x ·x)(L ·L)+(x ·L)(x ·L)−αΣ+α(x ·L)Λ−(x ·x)Λ , (37)
and their commutators and anticommutators are given by
{χ,Λ} = 2[(x · L)⊗ 1− χ] , (38)
[χ,Λ] = 2[χ− Σ] , (39)
{Σ, χ} = 2(x · x)⊗ 1− α[χ+ Σ] , (40)
[Σ, χ] = 2(x · x)(Λ + 1)− 2α(x · L)⊗ 1− {(x · L), χ} , (41)
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{Σ,Λ} = 2(x · L)⊗ 1+ 2Σ , (42)
[Σ,Λ] = 2(Λ(x · L)− χ(L · L)) . (43)
In order to determine the Dirac operator we make use of the requirement
that it must anticommute with the chirality operator. It turns out that this
requirment defines the Dirac operator rather uniquely. Combining the above
relations we find the following identities.
{χ− Σ,Λ} = 2(Σ− χ) , (44)
{χ− Σ, χ} = α(Σ− χ) . (45)
From the latter one we obtain
{χ− Σ, χ + 1
2
α} = 0 . (46)
Thus there are two independent operators which anticommute with the
chirality operator γχ
(Σ− χ) , (47)
and
γχ(Σ− χ) . (48)
These two are the candidates for the Dirac operator. It turns out that the
second operator has similarity with the commutative case and thus we define
the Dirac operator as
D =
1
ℓ
γχ(Σ− χ) = ℓNN
{
(Λ + 1)− 1
2ℓ2
{χ, (x · L)} − α
ℓ2
(x · L)
}
, (49)
where NN is the normalization given in eq.(35). It satisfies the required
condition
{γχ,D} = 0 . (50)
Note that the Dirac operator in this paper is taken to be dimensionless.
The first term on the r.h.s. in eq.(49) has the same form as the Dirac oper-
ator for the commutative case. The other terms in eq.(49) can be interpreted
as “quantum corrections”. Since
lim
N→∞
NN = ℓ , (51)
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in the naive limit the above Dirac operator has the standard form of the
commutative case if the correction terms which include (x ·L) vanish in this
limit (which we expect since in the commutative case (x · L) is identically
zero).
Therefore to understand the structure of the new terms it is necessary to
understand the properties of the operator (x · L). Actually we can show that
in the algebra (AN ,LN), (x · L) does not vanish but is of the order α.
Since
[Li, (x · L)] = 0 (52)
holds, the action of (x · L) on a polynomial of xi is either a constant or
proportional to the Casimir operator. An explicit calculation of the action
on the highest weight vector shows that
(x · L)xn± = α
n(n+ 1)
2
xn± . (53)
Furthermore since
[(L · L),xi] = 2[xi −Pi] , (54)
[(x · L),xi] = α[xi −Pi] , (55)
(x · L) has the same commutator with xi as (L · L) and thus together with
the relation (52), on algebra level we can make the following identification
(x · L) = α
2
(L · L) , (56)
which confirms our expectation above, i.e. (x·L) vanishes in the commutative
limit.
Knowing the pair (γχ, D) of chirality operator and Dirac operator alge-
braically, we also introduce the spinors on which these operators are acting.
In our formulation the Dirac spinor is simply AN ⊗ C2.
Ψ =
(
ψ1
ψ2
)
, (57)
where ψa ∈ AN .
As usual the above spinor can be splitted into two sectors according to
the chirality by the projection operators
P± ≡ 1
2
(1± γχ) , (58)
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as
Ψ± = P±Ψ . (59)
Correspondingly we can split the Dirac operator as
D = D+ +D− , (60)
where
D± =
ℓ
NN P∓{Λ + 1−
α
2ℓ2
(x · L)}P± . (61)
3.2 The Spectrum of the Dirac Operator
To complete the discussion on the Dirac operator we compute its spectrum.
For this end we first calculate the square of the Dirac operator which is given
by
D2 = − 1
ℓ2
(Σ− χ)2 . (62)
After a tedious but straightforward calculation we obtain
D2 = [(L · L) + 1 + Λ]− 1
ℓ2
(x · L)[(x · L) + α(Λ + 1)] , (63)
where we have used the following relation:
(Σ− χ)(Σ− χ) = ΣΣ− {Σ, χ}+ χχ
= −ℓ2[(L · L) + 1 + Λ] + (x · L)[α + (x · L) + αΛ] .(64)
Using the above formula, the spectrum of the Dirac operator can be
represented by using the Casimir operator as in the classical case. For this
purpose we introduce the ”total angular momentum” as
Ji = Li +
1
2
σi . (65)
The states are labeled by the eigenvalues of the Casimir operator as
J2Ψj = j(j + 1)Ψj , (66)
where for the case of the algebra AN , 0 ≤ j ≤ N+12 is an integer or a half
integer depending on whether N is odd or even, respectively. Denoting the
eigenvalues of D2 by λ2j , i.e.,
D2Ψj = λ
2
jΨj , (67)
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their values are given by
λ2j = (j +
1
2
)2 − 1
N(N + 2)
{(j + 1
2
)4 − (j + 1
2
)2} . (68)
Proof : Using the relation (x · L) = α
2
L2 we obtain
D2 = L2 + 1 + Λ− α
2
4ℓ2
L2(L2 + 2(Λ + 1)) . (69)
Then substituting the relations
Λ = J2 − L2 − 3
4
,
J2 = j(j + 1) ,
L2 = (j + s)(j + s+ 1) , (70)
into eq.(69), where s = ±1
2
, we see that this equation depends only on s2 = 1
4
,
and we obtain the above result which depends only on j. q.e.d
The spectrum of the Dirac operator is then given by the square root of
eq.(68). Taking the case where λj > 0 as
DΨj = λjΨj , (71)
since D anticommutes with the chirality operator γχ, we obtain another
spinor
D(γχΨj) = −λj(γχΨj) , (72)
as expected.
It is interesting to compare the above results with the commutative case,
i.e., to take the limit N → ∞. The above expression in eq.(68) can be
rewritten as
λ2j = (j +
1
2
)2[1 +
1− (j + 1
2
)2
N(N + 2)
] . (73)
We obtain two different types of spectra.
1. N is even integer. Then j is half integer and the spectrum is
λ2j = 1,
(
4− 12
N(N + 2)
)
, ...,
(
n2 − n
4 − n2
N(N + 2)
)
, · · · , (74)
where 1 ≤ n = j + 1
2
≤ N
2
+ 1.
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2. N is odd integer. Then j is integer and the spectrum is
λ2j =
(1
4
+
3
16N(N + 2)
)
,
(9
4
+
9
2N(N + 2)
)
, · · · . (75)
For N →∞ the first case has a proper limit which gives the same spec-
trum as in the commutative case. The appearance of the second case can be
understood rather easily. Following Berezin’s general formulation, in princi-
ple any dimension of the Hilbert space FN can be chosen. However, when we
consider the case where N is odd, FN is the spin representation of SU(2). On
the other hand, for the case where N is even integer FN is a representation
space of SO(3). Since in the limit N → ∞, with an appropriate reinterpre-
tation of the measure, FN should approximate the Hilbert space of spherical
harmonics, it must be a single valued representation. Therefore, the second
case does not fit into our scheme and it is natural to restrict the quantization
parameter N to an even integer.
To conclude, although it seems that in the general formulation of the
matrix algebra representation of the fuzzy sphere any integer N can be chosen
for the (N + 1)× (N + 1) matrices, the above results shows that N must be
an even integer in order to have a proper classical limit.
3.3 Hilbert Space and New Algebra
In the previous section we constructed the Dirac operator by algebraic cal-
culation, then we introduced the Dirac spinor as the space onto which the
Dirac operator is acting in eq.(57). Below we shall see that also the structure
of the algebra has to be reconsidered.
Using the trace norm on the algebra the above spinor space becomes a
Hilbert space with norm
||Ψ||2 ≡ 1
N + 1
∑
a=1,2
Tr{ψa∗ψa} . (76)
Thus we have the Hilbert space
HN ≡ AN ⊗ C2 . (77)
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In order to complete Connes’ K-cycle and thus put the noncommutative
sphere into his framework, we have to reconsider the algebra of the fuzzy
sphere. The reason for this is that the chirality operator defined above does
not commute with the elements of AN . Instead we have
[γχ,Xi] = 0 , (78)
where
Xi = xi +
α
2
σi . (79)
Since the algebra should be trivial under the grading, we rather have to
consider the algebra A˜N of Xi instead of the one of xi. The new generator
Xi satisfy the same commutation relation as xi, i.e.,
[Xi,Xj] = iαǫijkXk . (80)
Thus the new algebra A˜N has the same multiplication rule and we may
consider it as a different realization of the algebra of the fuzzy sphere.
In this way we have constructed the triple (A˜N ,D,HN), starting from
the algebra of the fuzzy sphere. With this K-cycle we may construct the
differential calculus and write down the field theory Lagrangian, which we
will disscuss in a separate paper. In the remaining part of this paper, we
want to examine a bit further the properties of the Dirac operator.
3.4 Local Coordinates on Noncommutative Sphere
In ref.[23], the Schwinger model on S2 is investigated and the classical Dirac
operator on the sphere is discussed in great detail. In this context the glob-
ally SU(2) invariant form of the Dirac operator is compared with the Dirac
operator in local coordinates. It is shown that the transformation from the
covariant to the local frame is given as D˜local = ucDcovariantu
−1
c , where uc is
a unitary matrix with determinat equal to unity.
It is interesting to examine the similar transformation for the Dirac op-
erator on the noncommutative sphere. This will help us to understand the
meaning of a local coordinate patch in noncommutative geometry.
We define the matrix u which gives the map discussed above by the
requirement
σ3u = uγχ . (81)
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A lengthy but straightforward calculation yields
u =
1√
α(N + 1)

√
x3 +
α
2
(N + 2) 1√
(x3+
α
2
(N+2))
x−
−1√
(x3+
α
2
N)
x+
√
x3 +
α
2
N
 , (82)
where x± = x1 ± ix2 and α is given in eq.(11).
The above matrix becomes singular on the states satisfying (x3+
α
2
N)|v〉 =
0 and (x3 +
α
2
(N + 2))|v′〉 = 0. Taking the basis given in eq.(17), the eigen-
values of the operator x3 are limited by α
N
2
, i.e., ||x3|| ≤ αN2 , thus we have
to impose the following restriction on the state in FN
(x3 +
α
2
N)|v〉 6= 0 . (83)
Therefore the following discussion holds only on the restricted Hilbert space,
not on the whole space FN .
In the limit N → ∞ which corresponds to the commutative case and
using eq.(11) we obtain
uN→∞ =
1√
2(1 + x3
ℓ
)
(
1 + x3
ℓ
x−
ℓ−x+
ℓ
1 + x3
ℓ
)
. (84)
Rewriting this expression in stereographic coordinates
x1 = 2ℓ
2z1(ℓ
2 + z2)−1 , (85)
x2 = 2ℓ
2z2(ℓ
2 + z2)−1 , (86)
x3 = ℓ(ℓ
2 − z2)(ℓ2 + z2)−1 , (87)
where zi are the coordinates on the 2-sphere, we get
uN→∞(z) =
1√
(ℓ2 + z2)
(
ℓ z1 − iz2
−(z1 + iz2) ℓ
)
. (88)
Up to a phase factor this is equivalent to the result obtained in [23].6
6The phase factor is
f =
1√
2
(
(1 + i) 0
0 (1 − i)
)
. (89)
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Under this transformation u the coordinates X±, X3 transform into di-
agonal form as
u(x+ +
α
2
σ+)u
† =

√
1 + α
x3+
α
2
N
x+ 0
0
√
1− α
x3+
α
2
N
x+
 , (90)
u(x− +
α
2
σ−)u
† =
√1 + αx3+α2 (N+2)x− 0
0
√
1− α
x3+
α
2
(N+2)
x−
 , (91)
and
u(x3 +
α
2
σ3)u
† =
(
x3 +
α
2
0
0 x3 − α2
)
. (92)
This is consistent since the chirality operator is now σ3 and the elements
which commute with the chirality operator are the diagonal matrices. In this
parametrization the Dirac operator has the form
D′ =
(
0 D′−
D′+ 0
)
, (93)
where D′± is defined by transforming the operators in eq.(61).
As already mentioned, when we perform the above transformation we
have to restrict the states by eq.(83). The interpretation of the restriction
(83) on the states can be considered as an analogy to the idea of a local patch
in the noncommutative geometry.
To complete the discussion, consider another transformation defined by
σ3u
′ = −u′γχ , (94)
which differs from condition (81) only by a sign. As a result we obtain a
matrix u′
u′ =
1√
α(N + 1)

√
x3 − α2N 1√(x3−α2N)x−
−1√
(x3−
α
2
(N+2))
x+
√
x3 − α2 (N + 2)
 . (95)
This transformation matrix has also a singularity and thus correspondingly
we remove the state satisfying
(x3 − α
2
N)|v′〉 = 0 . (96)
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from the Hilbert space FN .
Also in this case, we obtain a chirality operator given by σ3 after the
transformation and thus the algebra A˜ is transformed into diagonal matri-
ces and the Dirac operator has nonzero elements only in the off-diagonal
components.
We may consider that the transformations u and u′ are maps from sym-
metric coordinate to local coordinate systems. The restriction on the states
can be understood as the analogue of the definition of the regions of the local
patches in the commutative case.
In the coherent state representation the restriction defines an open set on
the sphere, since the complex value v parametrizing the state |v〉 corresponds
to a point on S2. Consider the normalized state 1
(1+zz)N/2
|z〉, then the state
which has to be removed corresponds to the point z = ∞, (z = 0) for
transformation u (u′, respectively). Therefore, the transformation u gives the
”coordinate patch”, an open set of states over the noncommutative sphere
where the ”south pole” is excluded. Correspondingly for u′ the ”north pole”
is excluded.
4 Conclusions and Discussions
In this paper we have defined the Dirac operator on the noncommutative
sphere and determined the triple (A˜N ,D,HN) with grading operator γχ,
which defines Connes’ K-cycle (D,HN) over the algebra A˜N . We have started
with the well known algebra of the fuzzy sphere AN and then have considered
the bigger algebra (AN ,LN) by including the derivations Li defined by the
adjoint action of the coordinate function xi. Then, we defined the chiral-
ity operator and the Dirac operator in the algebra (AN ,LN)⊗M2(C). The
Dirac operator has been determined algebraically by requiring that it anti-
commutes with the chirality operator. The construction is performed purely
algebraically.
In order to determine the chirality operator γχ we have required a “corre-
spondence principle”, i.e. the condition that in the naive limit N → ∞
this operator corresponds to the one of the commutative case. We also
used this correspondence principle to choose the Dirac operator between
two posibilities. In this way we singled out a pair (D, γχ) in the algebra of
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(AN ,LN)⊗M2(C).
The spinors are introduced as the Hilbert space vectors on which these
operators are acting, thus they are vectors in the space AN ⊗ C2. Then,
we have calculated the spectrum of the Dirac operator. As a result, we have
found that there are two different sequences of the quantized algebra depend-
ing on whether the quantization parameter N is an ever or an odd integer,
i.e., {A2k} and {A2k+1} with integer k. We have seen that a restriction of
N to even integers gives the desired classical limit. This requirment means
that the Hilbert space FN appearing in Berezin’s quantization has to be a
single valued representation of the rotation group of S2.
We also defined the Connes’ triple (A˜N ,D,HN ). The algebra of the non-
commutative sphere A˜N is obtained by modifying the original algebra AN .
The modification is required since the algebra AN does not commute with
the chirality operator and the new algebra A˜N is defined as a subalgebra of
AN⊗M2(C) by the requirment that it commutes with the chirality operator.
Finally we considered the transformation of the chirality operator γχ into
the standard form, i.e., σ3 =
(
1 0
0 −1
)
. We found two unitary matrices u
and u′ defined by eqs.(81) and (94). However the unitary matrices u and
u′ are not defined on the whole set of states in the Hilbert space FN since
they have singularities depending on the eigenvalues of the operator x3. We
meet the similar situation in the commutative case when we transform the
coordinate system from the symmetric coordinates to the local ones. To
avoid these singularities, in analogy to the commutative case we restrict the
vectors in the Hilbert space FN . In the coherent state representation, this
restriction corresponds to considering the states labeled by the points in a
certain open set on S2. Actually, under the maps given by u and u′ the
algebra A˜N is diagonalized, and the set of coherent states given by the open
set of parameters restricted to the region around the north pole and south
pole, respectively, can be interpreted as the analogue of a local patch in the
noncommutative case.
The starting point of our construction is near to the original idea of ref.[17]
where the fermion fields are also considered as A⊗C2 with the association to
the classical case in ref.[23]. However unlike in the papers by [20] we do not
make use of the supersymmetry algebra in order to define the Dirac operator.
As a consequence our results are different from their Dirac operator.
Especially we have found that in the noncommutative case there is a
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contribution from an operator (x ·L) which is zero in the commutative limit.
Without this contribution of (x ·L), in the noncommutative space the Dirac
operator does not anticommute with the chirality operator. As a result,
the spectrum of the Dirac operator has a correction term compared to the
commutative case.
With the results obtained here we can construct the differential calculus
a` la Connes. This is now in preparation.
Finally we want make a comment on the property of the Planck constant
in our formulation. As we mentioned, in the method described here the
formulation of the function algebra is independent of the dimension of the
Hilbert space. The N and thus the Planck constant α appears as an operator
in the algebra. The dependence on the dimension of the Hilbert space enters
when computing the expectation value with respect of a certain coherent
state or the trace in the Hilbert space.
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